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The measurement of the size of gravitationally bounded structures is an important test of gravity
theories. For a given radius different theories can in fact predict a different gravitational stability
mass (GSM) necessary to ensure the stability of the structure in presence of dark energy. We
compute the GSM of gravitationally bounded structures as a function of the radius for different
scalar-tensor theories, including f(R) and generalized Brans-Dicke, and compare the theoretical
predictions to observational data.
The results of the analysis show that modified gravity theories (MGT) are compatible with ob-
servational data, and in some cases fit the data better than general relativity (GR), but the latter
is not in strong tension with the observations. The data presently available do not give a conclusive
evidence of the need of a modification of GR, but marginally favor MGT. Future data from galaxy
surveys such as the Euclid mission could be important to get stronger constraints.
Introduction Modified gravity theories (MGT)
have been extensively investigated as possible solu-
tions of some of the unsolved puzzles of the observed
Universe, such as the nature of dark energy or dark
matter [1–8], and can also provide models of cosmic
inflation [9–13] in very good agreement with observa-
tions [14]. It is thereof important to set constraints
on MGT using different types of observations, and one
important test is provided by the stability of cosmic
structure [15], in particular the turn around radius,
i.e. the maximum size of a spherically symmetric grav-
itationally bounded object in presence of dark energy.
The effects of the modification of gravity were consid-
ered previously in the case of the Brans-Dicke theory
[15, 16] and some classes of Galileion theories [17],
while here we consider a wider class of scalar tensor-
theories, including among others f(R), Generalized
Brans-Dicke and quintessence theories. For conve-
nience in the comparison with observational data, in
this letter we a compute closely related quantity, the
gravitational stability mass (GSM) necessary to en-
sure the stability of a gravitationally bounded struc-
ture of given radius.
The first calculations of the turn around radius were
based on the use of static coordinates [16, 18], which
can be related to cosmological perturbation with re-
spect to the the Friedmann metric via an appropriate
background coordinate transformation, allowing to es-
tablish a gauge invariant definition of the turn around
radius [19]. Here we show that the use of cosmological
perturbations theory is more convenient and allows to
find general theoretical predictions which can be ap-
plied to a wide class of scalar-tensor theory.
The theoretical predictions are compared to obser-
vations, finding that MGT are in better agreement
with observations for few data points, but without a
strong evidence of the incompatibility of GR, which
has a mild 2σ tension with only one data point.
Note that the gravitational stability mass only al-
lows to set lower or upper bounds on the parameters
defining the different theories, since the main con-
straints come from the objects with the lowest ob-
served mass for a given observed radius.
Effective gravitational constant in scalar-
tensor theories We will focus on the class of scalar-
tensor theories defined by the action [20]:
S =
∫
d4x
√−g
[
1
2
f(R,φ,X)− 2Λ + Lm
]
, (1)
where Λ is the bare cosmological constant, φ is a scalar
field and X = − 12∂µφ∂µφ is the scalar field’s kinetic
term, and we used a system of units in which c = 1.
For non-relativistic matter with energy-momentum
tensor
δT 00 = δρm, δT
0
i = −ρmvm,i, (2)
where vm is the matter velocity potential, and us-
ing the metric for scalar perturbations in the Newton
gauge
ds2 = −(1 + 2Ψ)dt2 + a2(1− 2Φ)δijdxidxj , (3)
the Einstein’s equations give the modified Poisson
equation [20]
∇2Ψ = −4piGeffa2ρmδm, (4)
where k is a comoving wavenumber and δm =
δρm
ρm
+
3Havm is the gauge-invariant matter density contrast.
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2The quantity Geff , normally interpreted as the effec-
tive gravitational “constant”, is given by [20]
Geff =
1
8piF
f,X + 4
(
f,X
k2
a2
F,R
F +
F 2,φ
F
)
f,X + 3
(
f,X
k2
a2
F,R
F +
F 2,φ
F
) , (5)
where F = ∂f∂R .
Gravitational stability mass According to [19]
and [21] the turn around radius can be computed from
the gauge invariant Bardeen’s potentials by solving
the equation
a¨r − Ψ
′
a
= 0, (6)
where the dot and the prime denote derivatives re-
spectively respect to time and the radial coordinate.
Following the approximation of spherical symmetry
[18] the gravitational potential around an object of
mass m can be obtained from eq.(4)
Ψ = −Geffm
r
, (7)
which substituted in eq.(6) allows to derive a general
expression for the turn around radius for all the scalar-
tensor theories defined in eq.(1)
rTAR =
3
√
3Geffm
Λ
. (8)
It is convenient to define the ratio between the New-
ton constantG and the effective gravitational constant
as ∆ = G/Geff and the gravitational stability mass
(GSM) as:
mgs =
Λr3obs
3Geff
= mGR∆ , (9)
where mGR(robs) = Λr
3
obs/3G is the value of the GSM
predicted by GR. Any object of massmobs should have
a radius robs < rTAR(mobs), or viceversa any gravita-
tional bounded object of radius robs should have a
mass larger than mgs
mobs(robs) > mgs(robs) =
Λr3obs
3Geff
= mGR(robs)∆ .
(10)
In fact objects of size robs with a mass smaller than
mgs(robs) would not be gravitationally stable, since
the effective force due to dark energy will dominate
the attractive gravitational force.
In order to compare theories to experiment, it is im-
portant to establish what is the size of gravitationally
bounded structures, and for this purpose the caustic
method has been developed [22], showing good accu-
racy when applied to simulated data. In the rest of
this letter we will use the results of the application of
this method to set constraints on the parameters of
the different MGT.
Galaxy clusters data [23] can be used to set upper
bounds on GSM, and to consequently set constraints
on Geff , since from eq.(10) we get
∆ <
mobs
mGR
. (11)
Most of the data are consistent with GR, except a cou-
ple of data points corresponding to the galaxy clus-
ters A655 and A1413, which give respectively ∆ <
0.9162 ± 0.2812 and ∆ < 0.9723 ± 0.0151, where the
error has been obtained from the errors on mobs cor-
responding to rMAX in [23]. For A1413, the deviation
from GR is of order 2σ, so we can conclude that there
is not a very strong evidence of the need of a modifi-
cation of GR, but MGT are marginally favored.
FIG. 1: Observed masses and radii of galaxy clusters are
compared to the GR prediction (black line). Vertical green
lines represent the errors on the estimation of the masses.
The object with the most significant deviation is A1413,
which is shown in more details in fig.(2).
Generalized Brans-Dicke These theories [24,
25] are a generalization of Brans-Dicke theory [26],
with a more general kinetic term, defined by the ac-
tion
f(R,φ,X) =
φ
8piG
R+
g(φ)
4piG
X . (12)
After decomposing the scalar field as the sum of a
homogeneous background component and a space de-
pendent perturbative part according to
φ(t, x) = φ(t) + δφ(t, x) , (13)
at leading order in perturbations the effective gravi-
tational constant is given by
Geff =
4 + 2φ0 g0
3φ0 + 2φ20 g0
G , (14)
3FIG. 2: Observed masses and radii of the A655 and A1413
galaxy clusters. These are the objects with the most sig-
nificant difference with respect to the GR prediction, of
order σ for A655 and σ for A1413(see inset). The blue
lines correspond to scalar-tensor theories with a value of
∆ such that mgs = mobs for the each clusters.
where φ0 = φ¯(t0), g0 = g(φ0), and t0 is the cosmic
time corresponding to the red-shift of the observed
structure.
The corresponding turn around radius and GSM are
given by
rTAR =
3
√
3Gm
Λ
4 + 2φ0g0
3φ0 + 2φ20g0
, (15)
mgs =
r3obsΛ
3G
3φ0 + 2φ
2
0g0
4 + 2φ0g0
. (16)
The regions of the (φ0, g0) parameters space satisfy-
ing the condition mobs > mgs are shown in fig.3 for
the strongest constraints, which come from the A1413
galaxy cluster.
Brans-Dicke The action in Brans-Dicke theory
is given by
f(R,φ,X) =
φ
8piG
R+
ω
4piGφ
X, (17)
which reduces to general relativity in the ω →∞ limit.
The effective gravitational constant can be obtained
from eq. (5)
Geff =
G
φ0
4 + 2ω
3 + 2ω
=
1 + 
φ0
, (18)
where  = 1/(2ω + 3). The turn around radius can
then be computed using eq. (8) giving
rTAR =
3
√
3Gm
Λeff
(1 + ) , (19)
FIG. 3: Allowed regions of the (φ0, g0) dimensionless pa-
rameters space, for generalized Brans-Dicke theories. The
main constraints come from the galaxy cluster A1413. The
dark blue region corresponds to mobs > mgs and the other
colours to three different error bands mobs + nσm > mgs.
which is consistent with previous calculations [15, 16]
using both static coordinates or cosmological pertur-
bations in the Newton gauge, assuming Λeff = φ0Λ
is the observed gravitational constant.
The corresponding GSM is
mgs =
Λeffr
3
obs
3G(1 + )
. (20)
The strongest observational constraint comes from
A655 and A1413 which give respectively  > 0.0915±
0.3350 and  > 0.0285 ± 0.0159. Note that GR is
not in strong tension with the observations, since the
tightest constraint on  is less then 2σ away from the
GR limit  = 0.
f(R) theories In this case the action is indepen-
dent of the scalar field, and in the Jordan frame is
S =
∫
d4x
√−g
[
1
2
f(R) + Lm
]
, (21)
with the effective gravitational constant given by
Geff =
1
8piF
1 + 4k
2
a2
F,R
F
1 + 3k
2
a2
F,R
F
. (22)
On sub-horizon scales (k
2
a2
F,R
F  1) it reduces to [20]
Geff =
1
6piF
, (23)
and the turn around radius is given by
rTAR =
3
√
m
2piΛF
, (24)
4which corresponds to this expression for the GSM
mgs = 2piΛFr
3
obs . (25)
Observational constraints give F < (0.0486 ±
0.0149)G−1 and F < (0.0516 ± 0.0008)G−1 for A655
and A1413 respectively. It can noted that GR is not
incompatible with observations, since the tightest con-
straint on F , corresponding to A1413, is less then 2σ
away from the GR limit F = 0.0531G−1.
Rn theories For these theories the action is given
by
f(R,φ,X) =
1
8piG
R+
α
8piG
Rn, (26)
and the corresponding effective gravitational constant
is
Geff =
4G
3(1 + nαRn−1)
=
4G
3(1 + αβ)
, (27)
where β = nRn−1, which gives the following expres-
sions for the turn around radius and GSM
rTAR =
3
√
4Gm
Λ[1 + αβ]
, (28)
mgs =
Λr3obs[1 + αβ]
4G
. (29)
In fig.(4) we plot the regions of the (α,β) parameters
space satisfying the condition mobs > mgs, with the
strongest constraints coming from the A1413 galaxy
cluster.
Quintessence The action of Quintessence is
given by
f(R,φ,X) =
g(φ)
8piG
R− 1
4piG
X , (30)
and in this case the effective gravitational constant is
Geff =
G
g0
2g0 + 4g
′2
0
2g0 + 3g′20
, (31)
where g0 = g(φ0), g
′
0 = g
′(φ0), φ0 = φ(t0) and the
turn around radius and GSM are given by
rTAR =
3
√
3Gm
g0Λ
2g0 + 4g′20
2g0 + 3g′20
, (32)
mgs =
g0Λr
3
obs
3G
2g0 + 3g
′2
0
2g0 + 4g′20
. (33)
We plot in fig.(5) the regions of the (φ0, g0) pa-
rameters space satisfying the condition mobs > mgs,
with the strongest constraints coming from the A1413
galaxy cluster.
FIG. 4: Allowed regions of the (α, β) parameters space
for Rn theories, respectively in units of Mpc2n−2 and
Mpc2−2n. The main constrains come from the galaxy clus-
ter A1413. The dark blue region corresponds to mobs >
mgs and the other colours to three different error bands
defined by mobs + nσm > mgs.
Conclusions We have derived the theoretical
prediction of the gravitational stability mass for a
wide class of scalar-tensor theories including f(R) and
generalized Brans-Dicke. Most of observations are
consistent with GR except the galaxy clusters A655
and A1413, which have masses smaller than what’s
predicted by GR. For A1413 the difference between
the estimated mass and the GR prediction is of order
2σ, and we have computed the values of the param-
eters of different MGT which could provide a better
agreement between theoretical prediction and obser-
vations for this object. In the future it will be im-
portant to increase the size of the data sets used for
testing different gravity theories, such as for example
the observations of the upcoming Euclid [27–30] mis-
sion. In this letter we have assumed a fixed value of
the cosmological constant, but in the future it could be
interesting to investigate the interplay between MGT
and dark energy by fitting both at the same time, and
assess the existence of a possible degeneracy between
the two. Another important factor to include in the
future analysis could be the effect of non sphericity
[31, 32].
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5FIG. 5: Allowed regions of the (g0, g
′
0) dimensionless pa-
rameters space, for Quintessence. The main constrains
come from the galaxy cluster A1413. The dark blue re-
gion corresponds to mobs > mgs and the other colours to
three different error bands mobs + nσm > mgs.
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